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Abstract. The flywheel energy storage system is a new kind conversion device which realizes 
electric energy and kinetic energy transform into each other. The dynamic characteristics of 
flywheel energy storage system have been studied extensively in recent years. A single point 
flexible support is suitable for the small flywheel system, because the friction loss is very low. 
The flywheel spin test system with a single point flexible support was built. The dynamic model 
of the flywheel shafting was established to calculate the critical speeds, modal shape and modal 
damping ratio at different speeds. The results show that the dynamic characteristics of the flywheel 
shaft are stable, and its structure is simple and efficient. The comparison between the calculated 
unbalance response and the experimental response indicates that the dynamic model is 
appropriate. When the flywheel started up and rotated at different speeds, the rubbing dynamics 
behavior was obtained by the experiment. Full rubbing occurred at high speed would damage the 
flywheel and stop, which should be tried to avoid. 
Keywords: spin test, stop, rubbing to start up, excitation frequency, stability. 
Nomenclature 
ݎଵ Vibration displacement of the oil damper 
ݎଶ Vibration displacement of the flywheel bottom 
ݎଷ Vibration displacement of the flywheel top 
ݔ௖, ݕ௖ Coordinates of mass centric 
ݔଵ, ݕଵ Vibration displacement of the oil damper 
ݔଶ, ݕଶ Vibration displacement of the flywheel bottom 
ݔଷ, ݕଷ Vibration displacement of the flywheel top 
ܿଵ Damping coefficient of the oil damper 
ܿଷ Damping coefficient of the stop 
݇ଵ Stiffness of the oil damper 
݇ଶ Stiffness of the pivot 
݇ଷ Stiffness of the stop 
݈ Length of the flywheel 
݈ଵ Length between mass center and its upper end 
݈ଶ Length between mass center and its lower end 
݈௦ Length of the pivot 
ܬ௣ Polar moment inertia of the flywheel 
ܬௗ Diameter moment inertia of the flywheel 
݉ଵ Mass of the oil damper 
ܯ Mass of the flywheel 
1. Introduction 
The flywheel energy storage system is a new kind conversion device which realizes electric 
energy and kinetic energy transform into each other [1]. The flywheel rotor is driven to high speed 
by motor when electric energy is surplus. The rotating kinetic energy will be converted into 
electric energy by the flywheel deceleration when needed. The flywheel energy storage is a purely 
physical energy storage, which has great advantages of high efficiency, high instantaneous power, 
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fast depth charge and discharge, long service life, little pollution. It is the most promising one of 
the energy storage technology. at present, the flywheel energy storage technology has been applied 
to the power grid frequency modulation, peak load shifting, rail braking kinetic energy 
regeneration, uninterruptible power supply (UPS), high power pulse power, satellite energy 
storage / attitude control and many other areas [2-4]. The flywheel energy storage technology may 
be used in energy management of network base station in the future [5-9]. 
Many scholars have done a lot of work on the strength theory and design of the composite 
flywheel [10-13]. However, their investigations are limited to theoretical analyses and  
calculations, and shorted of spin tests, which is mainly because of great difficulty in motor 
technology and bearing technology. to carry out the flywheel spin test efficiently, it is necessary 
to establish a spin test system which is stable, simple, and easy to regulate speed and suitable for 
longtime operation. The flywheel shafting system generally uses the super-critical rotor dynamic 
design. However, the flywheel rotor keeps its rigid state in sub-critical.  
Based on the dynamics theory of super-critical operation above, it could be seen from Fig. 1 
that we designed and established a flywheel shafting for spin test, whose lower support was 
composed of a very flexible pivot-jewel bearing [14-16] and an oil damper. Obviously, the 
flywheel shafting was unstable when it started up. a stop was designed and installed inside the 
flywheel hollow top. There was a suitable gap between the stop and flywheel rotor. The gap was 
very small, and the order of magnitude was about several hundred microns. The stop was used to 
suppress the vibration amplitude when it exceeded the gap. When the flywheel started up, the stop 
would act. Rubbing and friction would happen inside the gap. With the increase of rotating speed, 
gyroscopic effect of flywheel was becoming larger and larger, and rubbing and friction inside the 
gap could absorb a large amount of vibration energy from the flywheel vibration. Then flywheel 
was rotating stably. After the flywheel started up, the stop did not act due to the gap was much 
larger than vibration amplitude by residual unbalance. The stiffness of the stop is usually much 
higher than that of the flexible pivot-jewel bearing. The system has simple structure and very low 
cost, which is very suitable for the flywheel spin test. 
The idea of using a stop to limit the vibration of the mechanical system has been around for a 
long time. the stop is used to absorb vibration and limit movement. There are many studies in this 
area in the last several decades [17-20]. However, using stops to limit and absorb vibration energy 
of flywheel when it starts up is a new idea. the stop is used to provide support by rubbing for the 
flywheel when it starts up. The rubbing inside the gaps would cause the rotating shafting to have 
strong non-linear characteristics. Most studies have shown that rubbing is a detrimental dynamic 
phenomenon that caused the rotating shafting to be in an unstable and easily damaged state  
[21-25]. There is little research on how to use rubbing effectively to realize the stability of the 
rotor bearing system, especially for a flywheel rotor with large gyroscope effect.  
This paper is written to investigate the rubbing mechanism of enhancing the stability of rotor. 
Compared with theoretical analysis, the experimental results of the dynamic characteristics of 
rotor bearing systems with rubbing are fewer. The rubbing experiments are difficult to carry out 
as well as dangerous. The rubbing dynamics of the rotor system, especially the relationship 
between full rubbing and stability is still unclear, and the results of experiments on full rubbing 
are absent in publications. The dynamic model of the flywheel-bearing-damper system was built 
by means of the Lagrangian equation. The Campbell diagram, critical speeds, mode shapes, and 
modal damping ratios were calculated at different speeds. When the flywheel started up and 
rotated at different speeds, the rubbing dynamics behavior was obtained by the experiment. The 
results of this research are valuable for studying the mechanism of rubbing and stability, although 
these studies are relatively preliminary. 
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2. Dynamic model of the flywheel bearing system 
2.1. Spin test system diagram and its dynamic model 
Fig. 1 shows a diagram of the flywheel spin test system, which is composed of the flywheel 
rotor, stop, disk type motor, pivot-jewel bearing, oil damper and some vibration sensors. The 
whole spin test system is installed in a vacuum container. a stop is designed and installed inside 
the flywheel hollow top. There is a suitable gap between the stop and flywheel rotor. The gap is 
very small, and the order of magnitude is about several hundred microns. The stop is used to 
suppress the vibration amplitude when it exceeds the gap. When the flywheel starts up, the stop 
will act, especially when the flywheel is beginning to accelerate. 
 
Fig. 1. The flywheel shafting system 
The designed stop controls vibrations inside the gap. The vibration energy will be absorbed 
and dissipated by collision and friction when the flywheel starts up. Because the stiffness of pivot 
is very small, the stiffness of the stop is designed much higher.  
The disk type motor is composed of disk type rotor and disk type stator. The disk type rotor is 
integrated with the flywheel rotor, and the structure is very compact. The heat produced by disk 
stator is transferred by a cooling system which is also used by the lower oil damper.  
The pivot jewel bearing is lubricated with oil baths. The pivot top is directly inside the 
lubricating oil. The diameter of the circular arc at the top of the pivot is only 2 mm, and contact 
area between pivot top and jewel bearing is less than 1.5 mm2. The friction loss is very small. The 
pivot is made of high temperature carbon steel, and the jewel material is corundum, so the service 
life of pivot jewel bearing is very long, which is about tens of thousands of hours. The pivot jewel 
bearing can be used in the super high vacuum environments. the jewel bearing is set on the top of 
damping body which connects the mechanical housing with three flexible springs. The springs 
provide radial stiffness for the low support of the flywheel. the viscosity of the oil in the damper 
is relatively large, which provides viscous damping effect for the lower support of the flywheel. 
Obviously, viscous damping can suppress flywheel vibration, and can also lubricate bearings and 
dissipate friction heat.  
The flywheel shafting has no upper support, so the lower damper is very important for dynamic 
characteristics. Based on its working principle, the damper is simplified to spring-oscillator model 
with a single degree of freedom. the eddy current sensor installed inside the shell of damper is 
used to measure the vibration response of damping body by excitation. The equivalent mass, 
stiffness and damping coefficient of the lower damper can be derived according to vibration theory 
of the single degree of freedom. 
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Fig. 2. The dynamic model 
The dynamic model is as shown in Fig. 2. in order to simulate conveniently, the complex 
vibration displacement ݎሺݎ = ݔ + ݅ݕሻ is used to represent the vibration displacements in the ݔ and 
ݕ directions. the symbols in Fig. 2 are listed in the Nomenclature. 
2.2. The dynamics modeling of the flywheel shafting system 
The dynamic model of flywheel shafting system is as shown in Fig. 2. The rotating kinetic 
function ௜ܶ, the potential energy function ௜ܷ, and the consumed energy function ܼ௜ are obtained 
by Lagrangian equation. 
1) The spring squeeze film damper: 
ଵܶ =
1
2 ݉ଵ൫ݔሶଵ
ଶ + ݕሶଵଶ൯,
ଵܷ =
1
2 ݇ଵሺݔଵ
ଶ + ݕଵଶሻ,
ܼଵ =
1
2 ܿଵ൫ݔሶଵ
ଶ + ݕሶଵଶ൯.
 (1)
2) The pivot has stiffness and no mass: 
ଵܷଶ =
1
2 ݇ଶ ቊ൤ሺݔଶ − ݔଵሻ −
݈௦
݈ ሺݔଷ − ݔଶሻ൨
ଶ
+ ൤ሺݕଶ − ݕଵሻ −
݈௦
݈ ሺݕଷ − ݕଶሻ൨
ଶ
ቋ. (2)
3) The flywheel: 
ଶܶ =
1
2 ܯ൫ݔሶ௖
ଶ + ݕሶ௖ଶ൯ +
1
2 ܬ௣߱ሺ߱ + 2ߙሶ ߚሻ +
1
2 ܬ൫ߙሶ
ଶ + ߚሶଶ൯, 
ݔ௖ =
݈ଶݔଷ + ݈ଵݔଶ
݈ ,   ݕ௖ =
݈ଶݕଷ + ݈ଵݕଶ
݈ ,   ߙ =
ݔଷ − ݔଶ
݈ ,   ߚ =
ݕଷ − ݕଶ
݈ . 
(3)
4) The dynamic model when stop acts: 
ܷଷ =
1
2 ݇ଷሺݔଷ
ଶ + ݕଷଶሻ,
ܼଷ =
1
2 ܿଷ൫ݔሶଷ
ଶ + ݕሶଷଶ൯.
 (4)
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The free vibration equation of the flywheel shafting system is obtained in the matrix form by 
Lagrange method: 
ሾܯሿሼݎሷሽ + ሺሾܥሿ − ݅߱ሾܪሿሻሼݎሶሽ + ሾܭሿሼݎሽ = ሼ0ሽ, (5)
ሾܯሿ = ൥
݉ଵ 0 0
0 ݉ଶ ݉଴
0 ݉଴ ݉ଷ
൩,    ሾܥሿ = ൥
ܿଵ 0 0
0 0 0
0 0 ܿଷ
൩,     ሾܪሿ =
ۏ
ێێ
ێ
ۍ0 0 0
0 ܬ௣݈ଶ −
ܬ௣
݈ଶ
0 − ܬ௣݈ଶ
ܬ௣
݈ଶ ے
ۑۑ
ۑ
ې
, 
ሾܭሿ =
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ݇ଵ + ݇ଶ − ൬݇ଶ +
݇ଶ݈௦
݈ ൰
݇ଶ݈௦
݈
− ൬݇ଶ +
݇ଶ݈௦
݈ ൰ ݇ଶ +
݇ଶ݈௦ଶ
݈ଶ +
2݇ଶ݈௦
݈ − ቆ
݇ଶ݈௦ଶ
݈ଶ +
݇ଶ݈௦
݈ ቇ
݇ଶ݈௦
݈ − ቆ
݇ଶ݈௦ଶ
݈ଶ +
݇ଶ݈௦
݈ ቇ
݇ଶ݈௦ଶ
݈ଶ + ݇ଷ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
, 
݉ଶ =
ܯ݈ଵଶ + ܬௗ
݈ଶ ,   ݉ଷ =
ܯ݈ଶଶ + ܬௗ
݈ଶ ,   ݉଴ =
ܯ݈ଵ݈ଶ − ܬௗ
݈ଶ . 
The first and second order differential of vibration displacement column vector are represented 
ሼݎሶሽ and ሼݎሷሽ. ሼݎሽ = ሾݎଵ ݎଶ ݎଷሿ, and ݎ௝ = ݔ௝ + ݅ݕ௝, ሺ݆ = 1, 2, 3ሻ. State vector method can be used 
to solve Eq. (5), whose solution form is: 
ݎ௝ = ௝ܴ݁௦௧,     ሺ݆ = 1, 2, 3ሻ. (6)
The complex vibration amplitudes and complex frequencies are: 
௝ܴ = ௝ܺ + ݅ ௝ܻ,     ሺ݆ = 1, 2, 3ሻ,
ݏ = ߣ + ݅߱.     (7)
In which, ߣ is the mode decaying exponent, ߱ = 2ߨ݂ is the mode angular frequency and ݂ is the 
modal frequency. The modal damping ratio ߞ = −ߣ/߱, and if ߣ > 0, the dynamic system is stable. 
the larger |ߞ| is, the better stability the system has. So, the modal frequencies, mode shapes and modal 
damping ratios of the flywheel system were obtained by solving Eq. (5). in engineering practice, the 
flywheel rotor inevitably exists unbalance, if the residual unbalance is ሼ݂ሽ = ሼݑሽ߱ଶ݁௜ఠ௧  at the 
flywheel rotor top, the forced vibration equation of the flywheel dynamic system is got by means of 
the Lagrangian equation. The steady state unbalance response was calculated from Eq. (8): 
ሾܯሿሼݎሷሽ + ሺሾܥሿ − ݅߱ሾܪሿሻሼݎሶሽ + ሾܭሿሼݎሽ = ሼݑሽ߱ଶ݁௜ఠ௧. (8)
3. The dynamic simulation of the flywheel shafting 
The dynamic parameters of the designed flywheel spin test shafting are as follows:  
݉ଵ = 0.02 kg, ܯ = 0.6 kg, ܬ௣ = 5.8e-4 kg·m2, ܬௗ = 4.1e-4 kg·m2, ݈ = 66.1 mm, ݈ଵ = 25 mm,  
݈ଶ =  41 mm, ݈௦ =  26 mm, ݇ଵ =  586 N/m, ܿଵ =  0.29 N·s/m, ݇ଶ =  5030 N/m, ݇ଷ =  1e4 N/m,  
ܿଷ = 0 N·s/m. 
3.1. Critical speeds 
Fig. 3 shows the Campbell diagram. in Fig. 3, ‘1F’ and ‘1B’ indicate the first-order forward 
and backward whirl of the flywheel respectively. ‘LDF’ and ‘LDB’ indicate the forward and 
backward whirl of the lower damper respectively. ‘2F’ and ‘2B’ indicate the second-order forward 
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and backward whirl of the flywheel respectively. 
From the Fig. 3, the mode frequencies at different speeds are presented. The flywheel rotor is 
generally flat rotor, which has strong gyroscopic effect due to angular component. The modal 
frequency varies with the rotating speed. The first-order mode of the flywheel shafting divides 
into forward and backward modes, as well as the second-order mode. The forward frequency is 
increased as the speed increases, while the backward frequency is decreased as the speed increases. 
the shape of the flywheel rotor, the mass and the inertia moment distribution are the main sources 
of modal frequency variation. 
 
Fig. 3. The Campbell diagram 
In this case, the gyroscopic effect mainly affects the second-order modes of the flywheel. The 
gyroscopic effect essentially enhances the stiffness of the flywheel shafting with the increasing 
rotating speed for the second-order forward whirl. This effect is just the opposite for the  
second-order backward whirl. For the first-order modes, the effect is small. The conical mode of 
the flywheel rotor exchanges with the lower damper mode when it rotates at 4200 rpm-5400 rpm. 
The exchange of modes completes when the rotating speed exceeds 6000 rpm. When the forward 
whirl frequency and speed frequency are the same, the corresponding speed is the critical speed, 
and generally corresponds to the amplitude peak. for the dynamic system as shown in Fig. 2, the 
critical speeds are 900 rpm (1st mode) and 7800 rpm (Lower damper mode). It is found that the 
flexible pivot greatly decreases the critical speeds. 
3.2. Mode shapes 
The mode shapes at the critical speeds are as shown in Fig. 4(a) and Fig. 4(b) respectively: the 
flywheel top, the flywheel bottom and the lower damper are displayed as three hollow dots from 
top to bottom in the two figures respectively. 
Fig. 3 and Fig. 4 show that the conical mode of the flywheel exchanges with the lower damper 
mode when modal frequencies are close to each other. The vibration amplitude of the flywheel 
decreases in the lower damper mode, and it increases in the conical mode. the amplitude of the 
lower damper gradually decreases in the conical mode. It is the zone of dual mode shapes when 
in the speed range 900 rpm-7800 rpm. The exchange of modes completes basically when the 
rotating speed exceeds 6000 rpm. 
When the rotating speed is 6000 rpm, the mode shapes of the flywheel shafting are shown in 
Fig. 5. The flywheel passes through the zones of cylindrical mode and dual modes in the spin test. 
Compared with conventional bearings, the stiffness of both elastic pivot and lower damper is very 
small, which makes their mode frequencies so close. The exchange of mode shapes occurs in a 
narrow frequency range is a new kind of dynamic characteristics produced by flexible damping 
support. 
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a) Rotating speed: 900 rpm 
 
b) Rotating speed: 7800 rpm 
Fig. 4. Mode shapes of the flywheel shafting 
 
a) 
 
b) 
 
c) 
Fig. 5. Mode shapes (rotating speed: 6000 rpm) 
In order to test the flywheel structure strength, rotating speed is generally over 48000 rpm.  
Fig. 6 shows the mode shapes of the flywheel shafting. The modal frequency of the second-order 
mode is 1132.9 Hz, which is larger than 800 Hz, so it will not be shown in the test. The lower 
damper mode shape is displayed as circular motion of damping body, while flywheel is fixed. The 
first-order mode shape of the flywheel is still cylindrical mode. 
 
1st-order 
 
2nd-order lower damper 
 
1st-order 
 
lower damper 
 
2nd-order 
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a) 
 
b) 
 
c) 
Fig. 6. Mode shapes (rotating speed: 48000 rpm) 
3.3. Modal damping ratios 
The modal damping is obtained by solving Eq. (5) to assess the stability of the flywheel 
shafting. The modal damping ratio varies with the rotating speed, which is shown in Fig. 7. Due 
to no bearing at the flywheel top, the flywheel is leaning against the inside of the flywheel top 
when the rotating speed is zero. Obviously, the flywheel shafting is unstable when it starts up. 
with the increase of rotating speed, gyroscopic effect of flywheel is becoming larger and larger, 
and vibration energy of the flywheel is dissipated quickly through collision and friction inside the 
gap between the flywheel and stop, then flywheel is rotating stably. ݇ଷ is 104 N/m when the stop 
acts, and ݇ଷ is 0 N/m when flywheel is rotating stably. The modal damping ratios of each mode 
are obtained when the stop acts or not. 
 
Fig. 7. The modal damping ratios 
The dynamics of the flywheel shafting is stable when its modal damping ratios are positive for 
forward whirl modes. The larger the modal damping ratio is, the faster the complex vibration 
displacement ݎ attenuates. The system has better dynamic stability. So, the modal damping ratios 
have an obvious impact on the performance.  
Fig. 7 indicates the modal ratio of the first-order mode is becoming larger with the rotating 
speed is increasing, which is more than 0.005. The modal ratio of the second-order mode is 
becoming smaller with the rotating speed is dropping. However, it is still positive. Due to the 
second-order modal frequency is always much higher than its rotating speed, it will not appear in 
the spin test. The ratio of the lower damper mode is becoming larger with the rotating speed is 
increasing, and slowing shrieking to 0.012. The stop mainly affects the first-order mode and the 
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lower damper mode, and plays only a small part on the second-order mode. The flywheel shafting 
has good stability whether the stop works or not. 
4. Experimental verification of dynamic simulation 
The experimental set-up was mainly composed of the following three parts: the flywheel 
shafting system, the test instruments, the data collector and analyzer. 
The flywheel shafting system is described in detail in Section 2.1. The test instruments are 
composed of eddy current displacement sensors and photoelectric speed sensors. The data 
collector and analyzer are composed of NI DAQ and computer. The functions of test measurement 
system are vibration measuring, monitoring, data acquisition, and offline analysis. The sensitivity 
of eddy current displacement sensors is 20 mv/μm, and gap-voltage is –10-10 V, probe diameter 
is 5 mm, and supply voltage is ±15 V. The channel number of NI DAQ is 16, A/D accuracy is 
12 bit, and maximum sampling frequency is 100 kHz. The vibration amplitude is measured by 
eddy current displacement sensors, and the time domain signal are converted to frequency domain 
signals through SFFT algorithm.  
Two probes are located at the flywheel top to measure the vibration displacement of ݔ and ݕ 
directions respectively. Two probes are installed in the lower damper to collect the vibration 
displacement of damping body in ݔ and ݕ directions respectively.  
The photoelectric sensor obtains the rotating speed of the rotor. The test data are observed by 
the computer, analyzed by the NI DAQ. the test flywheel is the origin of the above theoretical 
model.  
4.1. Critical speeds 
For theoretical calculation, when the forward whirl frequency and speed frequency are the 
same, the corresponding speed is the critical speed, and generally corresponds to the amplitude 
peak. for the dynamic system as shown in Fig. 2 of section 3.1, the critical speeds are 900 rpm 
(1st mode) and 7800 rpm (Lower damper mode). 
 
Fig. 8. Critical speeds of the flywheel shafting (lower damper) 
For the experiments, the eddy current sensors also installed in the lower damper can measure 
the forced vibration responses of the damping body. The sensors were installed at central section 
of the lower damper. the electrical signal by the preamplifier was input to the oscilloscope. The 
amplitude-frequency curve of the damping body in the lower damper can be obtained by FFT 
analysis.  
Fig. 8 showed the amplitude-frequency response, its Bode map and Nyquist map. The critical 
speeds would be obtained from Fig. 8. The flywheel ran up to 10000 rpm steadily. The flywheel 
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shafting system had two critical speeds. The first critical speed was 1080 rpm, whose theoretical 
result was 900 rpm. The relative error was 16.7 %. the phase angle changed from 180° to 90°. The 
amplitude at the first critical speed was about 140 μm. The second critical speed was 8032 rpm, 
whose theoretical result was 7800 rpm. the relative error was just 2.9 %. The phase angle changed 
from 90° to 135°. The amplitude at the second critical speed was about 256 μm. It was found that 
the numerical results were close to the measured data, which indicated that the dynamic model 
well described the dynamic behavior. When the flywheel passed the two critical speeds, the 
vibration amplitude shrank rapidly with the increase of the speed, which was the self-centering 
effect of the rotating flywheel.  
4.2. The forced vibration response 
The residual unbalance of the flywheel rotor was 0.1 g·cm∠37° by dynamic balance test, the 
steady state unbalance responses could be calculated by Eq. (8). The vibrations of the flywheel 
shafting were measured at the different damping and stiffness in the experiment, which verified 
the correctness of the dynamics modeling and simulation.  
For the flywheel shafting shown in Fig. 1 and Fig. 2, the stiffness and damping of the lower 
damper were easier to adjust. the equivalent mass of the damper was determined by the mass of 
the damping body. The equivalent damping coefficient was determined by the viscosity of the 
damping medium. The equivalent stiffness was determined by the three small stiffness springs. 
Based on its working principle, the damper was simplified to spring-oscillator model with a 
single degree of freedom. The eddy current sensor installed inside the shell of damper was used 
to measure the vibration response of damping body by excitation. The equivalent mass, stiffness 
and damping coefficient of the lower damper could be derived according to vibration theory of 
the single degree of freedom. 
The vacuum oil Mobil 1 and Mobil 68 were used to revise the damping coefficient ܿଵ. The 
springs with different thickness were chosen to change the stiffness ݇ଵ. Four different stiffness 
and damping coefficients were used to carry out the spin test. the ݇ଵ was 586 N/m or 2546 N/m 
respectively, and ܿଵ was 0.7 N·s/m or 1.7 N·s/m. The other dynamic parameters were consistent 
with ones in section 3. 
The eddy current sensors installed in the lower damper can measure the forced vibration 
responses of the damping body. When ܿଵ was 0.7 N·s/m or 1.7 N·s/m, and ݇ଵ was 586 N/m, the 
effect of damping on amplitude – frequency response was shown in Fig. 9.  
 
Fig. 9. The effect of damping on amplitude – frequency response 
When ܿଵ was 0.7 N·s/m, the first critical speed measured was 1080 rpm, the theoretical result 
was 900 rpm, the second critical speed measured was 8032 rpm, the theoretical result was  
7800 rpm. When ܿଵ was 1.7 N·s/m, the critical speeds were almost no change, which showed the 
0 2000 4000 6000 8000 10000 12000
0
50
100
150
200
250
300
  c1=0.7 N·s/m Ther.  
  c1=0.7 N·s/m Expt.
  c1=1.7 N·s/m Ther. 
  c1=1.7 N·s/m Expt. 
Vi
bra
tio
n a
mp
litu
de
/μm
Rotating speed/rpm
k1=586 N/m
2593. RUBBING DYNAMICS BEHAVIOR OF A FLYWHEEL SHAFTING WITH A SINGLE POINT FLEXIBLE SUPPORT.  
CHANGLIANG TANG, DONGJIANG HAN, JINFU YANG 
4148 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2017, VOL. 19, ISSUE 6. ISSN 1392-8716  
damping coefficient had little effect on the critical speeds of the shafting. 
However, increasing damping coefficient could significantly suppress the amplitude of the 
vibration when the flywheel passed the two critical speeds. Fig. 9 showed the theoretical 
calculations of the amplitude were in good agreement with values measured in the experiment, 
especially when speed was near the critical speeds. The experimental values were slightly smaller 
than the calculated values in the zone away from the critical speeds. 
 
Fig. 10. The effect of stiffness on amplitude – frequency response 
Fig. 10 showed the effect of stiffness on amplitude – frequency response. The larger stiffness 
increased the critical speeds greatly, which made difficulty to pass the critical speeds. The first 
critical speed increased from 1080 rpm to 1200 rpm, and the second critical speed increased from 
8032 rpm to 9652 rpm. The larger stiffness had little effect on the vibration amplitude when passed 
the second critical speed. However, the larger stiffness could reduce the amplitude when passed 
the first critical speed, which from 135 μm to 75 μm. 
 
Fig. 11. The combination of stiffness and damping 
Through the above discussion, the larger damping mainly suppressed vibration amplitude, and 
had little effect on critical speeds. The larger stiffness mainly increased the critical speeds, and 
had little effect on vibration amplitude, which was confirmed again in Fig. 11. 
One perfect set of rotor dynamics parameters was selected for the spin test system. The ݇ଵ 
586 N/m and ܿଵ 1.7 N·s/m were the most appropriate in the four sets of dynamic parameters. Based 
on the tests above, the comparison between the calculated unbalance response and the 
experimental response indicated that the dynamic model was proper. 
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5. Rubbing and excitation experiment 
The flywheel/stop rubbing experiments were done to verify the feasibility and the limitation 
of using stops to start up or control the large vibration of flywheels. The experimental rubbing 
conditions are basically designed to suit the numerical simulation parameters. The flywheel/stop 
gap is 0.2 mm. The vibration displacement ݔଷ of the flywheel top is mainly monitored, which is 
mainly because ݔଷ is larger than the lower damper vibration displacement ݔଵ. 
As the rubbing and excitation experiment had a strong dynamic nonlinearity, the modeling of 
an accurate nonlinear rubbing model was a follow-up work. 
5.1. Rubbing to start-up 
As shown in Fig. 12, the orbits showed the flywheel rotor contacted the stop occasionally at 
the beginning of rubbing to start-up. The vibration amplitude remained at almost the value of the 
gap when the stop acted, which was about 0.2 mm. The stop restricted the amplitude of the 
vibration very effectively with the rotating speed was increasing. the impact and the friction 
between the flywheel and the stop suppressed the vibration of the flywheel. When the motor speed 
reached about 960 rpm, the flywheel was rotating stably. The constant output of the rotation speed 
transducer indicated that the friction torque had not exceeded the motor-driven torque. 
 
Fig. 12. Rubbing to start-up (gap = 0.2 mm) 
The vibration waveform and orbits in Fig. 12 showed vibration energy of the flywheel was 
dissipated quickly through rubbing inside the gap between flywheel and stop. The stop would not 
act after rubbing to start up, which because the vibration amplitude was much smaller than the gap 
between the stop and flywheel. Fig. 12 showed the vibration amplitude was about 60 μm after 
rubbing to start up, while the gap was 0.2 mm. 
The FFT analysis in Fig. 12 showed the shafting had two frequencies which were 16 Hz and 
134 Hz. as shown in Fig. 3, the 1st-order and 2nd-order critical speeds are 900 rpm and 7800 rpm 
respectively. Obviously, the two frequencies were in good agreement with critical speeds by the 
simulation. The rotor rotated counterclockwise. Obviously, the vibration consisted of two kinds 
of rotation frequencies.  
There are many dynamic parameters which may affect rubbing to start-up, such as stiffness of 
the stop, rubbing friction coefficient, gap, and so on. However, the gap’s effect on rubbing to  
start-up will be discussed in this paper. The influences of other dynamic parameters on rubbing to 
start-up will be gradually studied in the follow-up.  
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Fig. 13 showed orbits of rubbing to start-up with four different gaps. It can be seen that the 
bigger gap had the longer time for rubbing to start-up. It took 9.6 s to rotate stably when the gap 
was 0.8 mm, while just 0.3 s when the gap was 0.2 mm. The shorter time will also reduce the 
damage to the stop and flywheel rotor. It is necessary to choose a smaller gap in the test. 
 
a) 
 
b) 
Fig. 13. a) gap = 0.8 mm and 0.6 mm, b) gap = 0.4 mm and 0.2 mm 
5.2. Excitation to destruction 
For the flywheel spin test, especially the composite flywheel endured high-speed centrifugal 
force, resin minor damages and fiber part breaks will produce non-ignorable disturbances, which 
causes shafting that has small modal damping ratios to natural whirl modes with low frequencies. 
Because the flywheel is rotating at a high speed in a spin test, the low frequency vibration will 
threaten flywheel life and structural strength seriously, such as causing rubbing to damage 
between stop and flywheel. It is necessary to study how and when the low-frequencies affect 
dynamic characteristics of the shafting.  
The certain external harmonic excitation force was used to simulate the low frequency 
produced by sudden unbalances. The following steps were performed in the rubbing experiments. 
Firstly, the flywheel was brought to rubbing to start up and rotated steadily at the speed of  
3000 rpm. The rubbing inside the gap was induced by low frequency excitation force, which was 
at the top of the flywheel in the ݔଵ direction. The magnitude and direction of the excitation force 
were adjustable and had the properties of harmonics. The use of low frequency excitation force 
was mainly based on the following reasons. It can be seen from Fig. 7 that the mode damping ratio 
of conical mode was very small, which had poor dynamic stability. Using low frequency excitation 
to induce conical mode was easy to achieve. 
The exciter is an electromagnetic actor. It was set close to the flywheel top to perturb the 
magnetic field. The sinusoid signal from the signal generator was amplified and then drove the 
exciter to generate a synchronous harmonic excitation. the frequency of the excitation and the 
2593. RUBBING DYNAMICS BEHAVIOR OF A FLYWHEEL SHAFTING WITH A SINGLE POINT FLEXIBLE SUPPORT.  
CHANGLIANG TANG, DONGJIANG HAN, JINFU YANG 
 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2017, VOL. 19, ISSUE 6. ISSN 1392-8716 4151 
amplitude vary to satisfy the experiments. to measure the excitation amplitude, a DC volt was 
applied to the electromagnetic actor, which led to the flywheel drifting off the central axis of the 
bearings. Then a compensation elastic force pushes the flywheel to its original center position. on 
measuring the elastic force, one obtains the relation between the DC volt and the force. 
Firstly, the flywheel was brought to rubbing to start up and rotated steadily at the speed of 
3000 rpm. The transducers and data test systems measured and recorded the dynamic behavior of 
the rotating flywheel, including the vibration time history, the frequency spectrum of vibration 
and the orbits of the flywheel center. Fig. 14(a) and (b) showed the shafting was in a motion of 
period 1. The axis orbit was a regular ellipse. The FFT analysis showed there was only one speed 
frequency. 
 
a) Bifurcation diagram 
 
b) Period 1 
 
c) Period 2 
 
d) Period 3 
 
e) Period 2 
 
f) Period 3 
Fig. 14. The route of excitation to destruction 
Then the proper excitation frequency of 115.1 Hz was found to obtain a large response of the 
flywheel top when the flywheel was rotating at a speed of 230.17 r/s. at that frequency, the 
excitation force was increased until the peak amplitude of flywheel whirl became larger and larger. 
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The flywheel/stop gap was adjusted to 0.3 mm, which was much larger than the vibration 
amplitude of the flywheel in normal operation. It can be seen from Fig. 14(a) and (c) the shafting 
went into period-doubling bifurcation motion. The periodic motion was composed of two low 
frequency motions, which were 115.1 Hz and 230.17 Hz individually. Obviously, the motion 
behavior was similar to the half frequency whirl, and the frequency of 115.1 Hz was being very 
near to the second order critical frequency 130 Hz. It can be seen from Fig. 14(a) the shafting 
reentered in a motion of period 1 when the excitation frequency and excitation force were canceled. 
Fig. 14(d) was the vibration waveform of the flywheel excited by the excitation frequency of 
106.23 Hz, and the orbit of the flywheel center was also shown in Fig. 14(d). The vibration 
amplitude was not large enough to exceed the gap between the flywheel and the stop. Spectrum 
analysis indicated that the vibration without rubbing was the double-frequency whirl composed of 
the excitation frequency 106.23 Hz whirl with large amplitude 14.92 μm and the synchronic  
406.9 Hz whirl with small amplitude 11.57 μm. at that frequency, the shafting went into period 3 
bifurcation motion. at the same way the shafting went into quasi-period motion when the proper 
excitation frequency was 158.65 Hz as shown in Fig. 14(e). It can be inferred that the excitation 
frequency was basically around the 2nd-order critical speed. It was indirectly proved that the 
mechanical model was proper. 
The flywheel/stop gap was adjusted to 0.3 mm, which was much larger than the vibration 
amplitude of the flywheel in normal operation. The vibration amplitude was becoming larger as 
the excitation force increased. the excitation frequency was keeping around 130 Hz, which was 
near to the second order critical speed. When the speed reached to 36000 rpm, the motion was 
evolved from quasi-periodic motion to chaotic motion. The amplitude was getting bigger and 
bigger, and the axis orbit was becoming more and more chaotic till the full rubbing happened. The 
full rubbing was accompanied by a continuous collision and friction inside the gap. The center of 
the flywheel moved counter-clockwise and whipped in the amplitude exceeding the rotor/stop gap 
dramatically. 
The vibrating flywheel went into whipping at a much higher frequency with amplitudes larger 
than the flywheel/stop gap. The flywheel rolled on the stop without separation. The continuous 
full rubbing slowed down the rotating speed of the flywheel. in order to observe the full rubbing 
behavior, the drive power of the motor was keeping large enough. The rubbing speed was 
increasing slowly. It can be seen from Fig. 14(a) and (f) the orbit of the flywheel center was like 
a square. The vibration signal consisted of two kinds of periodic motion by spectrum analysis. The 
rotating speed frequency was 612 Hz, and the high frequency band excited by rubbing was  
1800-2200 Hz. The rotating speed frequency was 612 Hz, and corresponding vibration amplitude 
was 420 μm which was larger than the flywheel/stop gap. the excitation low frequency was not 
found when the rubbing occurred. It was inferred the exciter probe had been damaged. However, 
the broadband signal was observed, which located between 1800 Hz and 2200 Hz, and 
corresponding vibration amplitudes were about dozens of microns. The bifurcation diagram 
showed that the flywheel was in chaotic motion from Fig. 14(a).  
When the drive power was cut off, the test rotating speed of the flywheel dropped from  
36720 rpm down to nearly 0 rpm in 8.6 s because of the continuous flywheel/stop friction. After 
the rubbing experiments, a lot of metal powder was found on the inner face of the flywheel top, 
which meant that the continuous serious friction destroyed the contact surface of the flywheel and 
the stop. It was supposed that the full rubbing occurred at high speed would directly damage the 
stop and flywheel top. It was difficult to suppress sub-harmonic whirl of the flywheel when the 
rubbing occurred at high speed. The rubbing to start up suggested that the stop worked effectively 
only at a low speed for rubbing to start up. 
6. Conclusions 
1) The lower support of the flywheel shafting was composed of pivot jewel bearing and oil 
damper. the stiffness of pivot was very small. The oil damper provided viscous damping for the 
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flywheel shafting. The stop at the flywheel top was used to start up by rubbing. the dynamic model 
of the flywheel-bearing-damper system was built by means of the Lagrangian equation. The 
Campbell diagram, critical speeds, mode shapes, and modal damping ratios were calculated at 
different speeds. The numerical simulation indicated the exchange of mode shapes occurred in a 
narrow frequency range was a new kind of dynamic characteristics produced by flexible damping 
support. Through the analysis of the modal damping ratio, the dynamics of the flywheel shafting 
system was stable when the stop acted or not.  
2) The comparison between the calculated unbalance response and the experimental response 
indicates that the dynamic model is appropriate. The experiments on the flywheel/stop rubbing 
demonstrated that the stop suppressed the low-frequency whirl successfully when rubbing to start 
up. the flywheel/stop rubbing was to make shafting rotating steadily. The bigger gap had the longer 
time for rubbing to start-up. The shorter rubbing time will also reduce the damage to the stop and 
flywheel rotor. It was necessary to choose a smaller gap in the test. The certain external harmonic 
excitation force was used to simulate the low frequency produced by sudden unbalances. In the 
very wide speed range, the low external harmonic excitation made the flywheel shafting produce 
period 1, period 2 bifurcation, period ܰ  and quasi-period motions. When the low-frequency 
excitation was cancelled, the flywheel shafting could resume stable operation and had not low and 
high frequencies except rotating frequency.  
3) When the exciting force exceeds a certain value at high rotating speed, the quasi-periodic 
motion will change to chaos motion, and then the full rubbing occurs with continuous collision 
and friction inside the gap. the center of flywheel rotor moves counter-clockwise, and the whirl 
amplitude exceeds the gap unexpectedly. Moreover, the rubbing frequency is much higher than 
that of the excitation and the unbalance force. the rotor rotation is broken quickly by the stop. The 
full rubbing should be prevented since it damages the flywheel and stop directly. 
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